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Abstract. In this paper we obtain a Poitou-Tate exact sequence 
for finite and flat group schemes over a global function field. In ad- 
dition, we extend the duality theorems for 1-motives over number 
fields obtained by D.Harari and T.Szamucly to the function field 
case. 

1. Introduction 

Let X be a smooth projective curve over a finite field of characteristic 
p and let K be the function field of X. In this paper we establish 
a Poitou-Tate exact sequence for finite and flat group schemes of p- 
power order over K, thereby extending the well-known Poitou-Tate 
exact sequence in Galois cohomology [15, Theorem 1.4.10, p. 70]. See 
Theorem 4.12 below for the precise statement. In particular, we obtain 
the following duality theorem. 

Theorem 1.1. Let N be a p-primary finite and flat group scheme over 
K . Then there exists a perfect pairing of finite groups 

The Tate-Shafarevich groups appearing in the statement of the the- 
orem are defined in terms of fiat cohomology. 

In addition, we extend the duality theorems for 1-motives over num- 
ber fields obtained by D.Harari and T.Szamuely [10] to the function 
field case. In particular, we obtain the following result. 

Theorem 1.2. Let M he a 1-motive over K with dual 1-motive M* . 
Then there exists a canonical pairing 

Ul\K,M){p) X Ul\K,M*){p) Q/Z 

whose left and right kernels are the maximal divisible subgroups of each 
group. 
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The paper has 6 Sections. In Section 2 we prove some elementary 
results needed in the sequel. Section 3 is a brief summary of the facts 
that wc need on 1-motives (readers wishing to learn more about the 
theory of 1-motives are advised to read [1]). In Section 4, which is 
independent of Sections 5 and 6, we establish the Poitou-Tate exact 
sequence for p-primary finite and flat group schemes. In Section 5 we 
prove an "integral version" of Theorem 1.2, namely an analogous state- 
ment with Spec K replaced by an open affine subset U ol X . Theorem 
1.2 is then deduced from this integral version in Section 6 by passing 
to the limit as U shrinks to Spec K. 

The methods of this paper yield both a general Poitou-Tate exact 
sequence and a Cassels-Tate dual exact sequence for 1-motives over 
global fields (extending the results of [10, §5], [11, §5] and [7]). These 
sequences require a significant amount of extra work in relation to 
[op.cit.] and will be established in separate publications. 

Acknowledgements 

I am very grateful to D. Harari for making several helpful comments, 
carefully reading a preliminary version of this paper and pointing out 

an error in it. I also thank S. J. Edixhoven, R. de Jong, J. S. Milne, L. 
Taelman and the anonymous referee for additional helpful comments, 
corrections and valuable suggestions. Most of this paper was written 
during my visits to Universite de Bordeaux I, ICTP Trieste and Univer- 
siteit Leiden in the summer of 2007 as an Erasmus Mundus ALGANT 
Scholar. I am very grateful to S. J. Edixhoven for the invitation to 
participate in the ALGANT program, to the institutions named above 
for their warm hospitality and to the European Union for financial 
support. 

2. Preliminaries 

Let X be a global function field of characteristic p > 0. For basic 
information on these fields, and their completions, the reader is referred 
to [4, Ghapters 1 and 11]. For any prime v of K^, and k{v) will 
denote, respectively, the completion of K at v, its ring of integers 
and the corresponding residue field. Thus Oy is a complete discrete 
valuation ring. We will write X for the unique smooth complete curve 
over the field of constants of K having K as its function field. The 
primes of K will often be identified with the closed points of X. A 
direct product extending over allv & U for some nonempty open subset 
U of X is to be understood as extending over all closed points of U. 
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For any abelian group B and positive integer n, we will write Bn for 
the n-torsion subgroup of B and B/nior the quotient B/nB. Further, 
we will write B{p) = [Jm>iBpm (the p-primary torsion subgroup of B), 
= \\m^B/p"^ (the p-adic completion of B) and TpB = hm^Bpm 

(the p-adic Tate module of B). Also, we set -Bp-div = f]mP"^^ (^^^ 
subgroup of B of infinitely p-divisible elements) . If S is a p-primary 
torsion abelian group of finite cotype (i.e., if B is isomorphic to a direct 
sum (Qp/Zp)^ © F for some integer r > and some finite group F or, 
equivalently, if Bp is finite), then -Bp_div coincides with the maximal 
p-divisible subgroup of B (and B/Bp_div is finite). For simplicity, we 
will often write B/p-diy for B /Bp.^i^. 

Lemma 2.1. Let B he any abelian group. Then the canonical map 
B ^ B^^ induces an injection 

B{p)/p-dw ^ B^\p). 

Proof. There exists an exact sequence of inverse systems ^ p"^B — > 
B — > B/p™- 0, where the transition maps are p"^~^^B ^ p"^B, 
Id: B ^ B and proj : B/p^'^^ B/p'^. Taking inverse limits, we 
obtain an exact sequence 

and therefore an exact sequence 

Q ^ Bp.^M ^ B{p) ^ B^\p). 
Since Sp.div(p) = -B(p)p-div, the lemma follows. □ 

If B is any abelian topological group, we will write B (or B^) for 
lim^^^ B/I, where <S is the family of open subgroups of B of finite p- 
power index. Clearly, if i? is a discrete torsion abelian group of finite 
cotype, then B = B/p-div. There exists a canonical isomorphism 
B = (i?*^P^)^, whence there exists a canonical map B(p) -> B. Wc set 
B^ — Homcont. (-^' Qp/^p); where Qp/Zp is endowed with the discrete 
topology. We endow B^ with the compact-open topology, i.e., the 
open subsets of B^ are arbitrary unions of finite intersections of sets 
of the form {/ G B^ : f{K) C f/}, where K d B is compact and 
U C 'Q^p/'Lp is open (i.e., arbitrary). Note that, if B is discrete and 

finitely generated, then B^ = (^B^^^^ = B^ is a discrete ]?-primary 

torsion group and B^^ = B^^^ = B. 

A pairing of discrete abelian groups Ax B ^ Qp/ Zp is called non- 
degenerate on the right (resp. left) if the induced homomorphism B — > 
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(resp. A —>■ B^) is injective. It is called non- degenerate if it is non- 
degenerate both on the right and on the left. The pairing is said to be 
perfect if the homomorphisms B — > A^ and A — * B^ are isomorphisms. 
It is not difficult to see that a perfect pairing Ax B Qp/ Zp induces 
pairings A{p) x (B/p-div) Qp/Zp and (A/p-div) x B{p) Qp/Zp 
which are non-degenerate on the left and on the right, respectively. 

Lemma 2.2. Let p be a prime number. 

(a) Let B be an abelian group and let A be a torsion subgroup of B. 
IfBp = 0, then {B/A)p = 0. 

(b) Let A^B^C^Obean exact sequence of discrete tor- 
sion abelian groups. Then the induced sequence C{p)^ 
B{p)^ — > A{p)^ is exact. 

Proof. Since every element of A is annihilated by an integer which is 
prime to p , A is p-divisible. This implies (a). Assertion (b) follows 
from the fact that B — * B^ is an exact functor on the category of 
discrete abelian groups. □ 

In this paper we consider only commutative group schemes, and 
therefore the qualification "commutative" will often be omitted when 
discussing group schemes. Further, all cohomology groups below are 
fiat (fppf) cohomology groups. 

Now let be a finite, fiat (commutative) group scheme over Spec K 
and let = J^{N) be the set of all pairs {U,J\f), where U is a nonempty 
open affine subscheme of X (i.e., U ^ X) and is a finite and fiat 
group scheme over U which extends A^, i.e., M Xu Spec A' = A^. Then 
JF is a nonempty [13, p. 294] directed and partially ordered selQ with the 
partial ordering {U,M) < {V,Af') if and only ifV C U and A/"] y= A/"'. 
Clearly, hm^^^^^^^ U = r\{uM)e^ ^ = Speci^. 

Lemma 2.3. With the above notations, for every i > the canonical 
map 

lim H\UM)^H\K,N) 
{u,N)(ir 

is an isomorphism. 

Proof. The result is clear if z = 0. Assume now that i>l. If [U^M) G 
JF, then M admits a canonical resolution 

^Note that, if {U,J\f), {V,Af') £ then there exists a nonempty open subset of 
U OV over which J\f and A/"' are isomorphic. 
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where Qq and Qi are smooth affine group schemes of finite type over U. 
See [2, §2.2.1, p. 25]. Now, using the fact that flat and etale cohomology 
coincide on smooth group schemes [14, Theorem 3.9, p. 114], we obtain 
the following exact sequence which is functorial in {U,M): 

An analogous exact sequence exists over K, and these exact sequences 
form the top and bottom row, respectively, of a natural exact commu- 
tative diagram. Since the canonical maps 

hm Hi^iU,gi)^Hi^{K,Gi) 

are isomorphisms for j = i — 1 or i and Z = or 1 by [8, Theorem 
VII. 5. 7, p. 361], the flve-lemma applied to the direct limit of the diagram 
mentioned above yields the desired result. □ 

Lemma 2.4. There exists a canonical isomorphism 

H\K,Nf^ lim H\U,Aff. 

{u,N)er 

Proof. Let (?7, M) G and let V he a, nonempty open subset of U . 
Since H^{Oy,J\f) = for any v [15, beginning of §111.7, p. 349], the 
localization sequence for the pair V C U [op.cit.. Proposition 111.0.3(c), 
p. 270] shows that the canonical map of discrete groups H^{U,N) — > 
H^iy.M) is injcctive. The lemma now follows from Lemma 2.3 above 
and [16, Propositions 3 and 7]. □ 

Let 5" be a scheme. An S-torus T is a smooth S'-group scheme 
which, locally for the etale topology on is isomorphic to 'Gi[^ for 
some positive integer r. 

We will use without explicit mention the fact that the etale and fppf 
cohomology groups of a smooth group scheme coincide. In particular, 
i7*(S', T) = Hl^{S, T) for an S'-torus T as above. 

Finally, for each prime v oi K, inv^ : Br(i^^) — > Q/Z will denote the 
usual invariant map of local class field theory. 

3. Generalities on 1-motives 

Let be a scheme. We will write S'fppf for the small fppf site over 5*, 
foi' the category of abelian sheaves on S'fppf, C^{J^s) for the category 
of bounded complexes of objects in J^s and V^{J^s) for the associated 
derived category. 

Recafl that a (smooth) 1-motive M — (Y, A, T, G, u) over S consists 
of the following data: 
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1. An S-group scheme Y which, locally for the etale topology on 
S, is isomorphic to Z*" for some r > 0. 

2. A commutative 5'-group scheme G which is an extension of an 
abelian ^-scheme A by an S-torus T: 

O^T^G^A^O. 

3. An S-homomorphism u: Y G. 

We will often identify M with the mapping cone of u, i.e., M = 
G'{u) = (Y — ^ G), with Y placed in degree —1 and G placed in 
degree 0. Thus there exists a distinguished triangle 

(1) Y ^ G ^ M -^Y[l]. 

Note also that M defines, in a canonical way, an object of D''(fppf). 
Every 1-motive M comes equipped with a natural increasing 3-term 
weight filtration: Wi{M) = for i < -3, W-2{M) = (0 ^ T), 
Vr_i(M) = (0 ^ G) and Wi{M) = M for i > 0. The 1-motive 

M' = M/W^2{M) = {Y ^ A), 

where h = it ou, will play an auxiliary role below. It fits into an exact 
sequence 

(2) O^T ^ M ^ M' 0, 

where T is regarded as a complex concentrated in degree zero. Now, 
to each 1-motive M = {Y, A, T, G, u) as above, one can associate its 
Cartier dual M* = {Y*,A*,T*,G*,u*). Here Y* is the sheaf of char- 
acters of T, A* is the abelian scheme dual to A and T* is the S-torus 
with group of characters Y. The S'-group scheme G* associated to 
M may be constructed as follows. Assume first that M = M' (i.e., 
T = 0). In this case M* = (M')* = (0 ^ G*), where G* is the ^- 
group scheme which represents the functor S' t— Ext^,(M',Gm) on 
C^{J^s) (the representability of this functor follows from the general- 
ized Weil-Barsotti formulcO- The 1-motive (M')* is naturally endowed 
with a biextension (in the sense of [5, 10.2.1, p.60]) V of (M', (M')*) 
by Gm, namely the pullback of the canonical Poincare biextension of 
{A, A*) by (G„ under the map /' x g', where /' = (0,ld): M' = 

(Y ^ A) ^ A and g' is the composite (M')* G* ^ A*. 

^The referee calls attention to the fact that the Weil-Barsotti formula over 
imperfect fields has not been properly established in the literature. However, 
O.Wittenberg has recently given the necessary missing details in the Appendix 
to [18]. 
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Now let M be an arbitrary 1-motive. By (2), M represents a class 
in Ext^(M',T). Thus any Xs> ^ y*{S') = Hom5/(r,G^) induces 
an clement m*(x^,) = (Xs,)*(M^,) e Ext^,(M',G„) = G*{S'), which 
defines an 5'-homomorphism u* : Y* ^ G* . The associated 1-motive 

M* = (Y* G*) is the Cartier dual of M. The corresponding 

biextension V of (M, M*) by Gm is the puUback of V' under the map 
/ X c/, where / = (Id,7r): M = {¥ ^ G) ^ M' ^ {Y ^ A) and 
g = (0,ld) : M* = (y* ^ G*) {M')* = (0 ^ G*) are the natural 
maps. 

Now, as in [9, VIL3.6.5], (the isomorphism class of) V corresponds 
to a map M ®^ M* — > QmW] in T^^i^s)- This map in turn induces 
pairings 

W{S, M) X W{S, M*) m'+^+\S, G^) 

for each i,j > —1. 

Next, for any positive integer n, let 

(3) Tz/„(M) = m-\C'(n)) = H°(M[-1](8)^ Z/n), 

where C*{n) is the mapping cone of the multiplication- by-n map on 

M (to verify the second equality in (3), use the fact that Z /n is quasi- 
isomorphic to the complex of flat modules (Z — ^ Z)). It is a finite 
and flat 5'-group scheme which flts into an exact sequence 

O^Gn^T^/n{M)^Y/n^O. 

See [1, §2.3, p. 12]. It is not difficult to see that Tz/n{M) is the sheaf 
associated to the presheaf S' ^— > J-'z/n{M){S'), where 

^ ,„w,,^ {{g,y)€G(S')xY(S'):ng^-u(y)] 

(4) ^z/„(M)(5 ) = • 

The map M(8)^M* Gmi^] induces a perfect pairing 

Tz/n(M) XTz/n(M*) 

where /i„ is the sheaf of n-th roots of unity. The above pairing gener- 
alizes the classical Weil pairing of an abelian variety A, which may be 
recovered by choosing M = {0 —>■ A) and n prime to p above. We will 
also need the following groups attached to M: 

Tp{M) =hmT^/pm{M) 

(the p-adic realization of M), where the transition maps are induced 
by the maps J^z/p-+i(M) J='z/pm{M),[{g,y)] [{pg,y)] (see (4)), 
and 

r(M){p} = lim rz/p-(M) 
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(the p-divisible group attached to M) with transition maps induced by 

Now let M be a 1-motive over K. For each prime v of K, we will write 

M,„ for the TT^-l-motive Mk,.- Further, for each i > -1, M%K^, M) 
win denote M\K^, M„). When « = -1, 1, 2, the group M\Ky, M^) wiU 
be endowed with the discrete topology. For i = 0, ]H[*(i^^,M) will be 
endowed with the topology defined in [10, p. 99]. Define 

Then there exists a surjective and continuous map of profinite groups 
B.~^{Ky, M)^ ^ H~^(X^, M), and therefore an injection 

Theorem 3.1. There exists a continuous pairing 

M'{K^, M) X m^-'{K^, M*) H2(ir^, G„) = Q/Z 

which induces perfect dualities between the following profinite and dis- 
crete groups, respectively. 

(a) m-\K^,M) and ^^{K^, M*)(p). 

(b) HO(X^,M)^ and m^{K^,M*){p). 

For i ^ —1,0,1,2, the pairing is trivial. 

Proof. See [10, Theorem 2.3 and Lemma 2.1]. □ 

4. The Poitou-Tate exact sequence for p-primary finite 
and flat group schemes 

Let f be a prime of K and let Ny be a p-primary finite and fiat group 
scheme over K^. The group H'^{Ky,N) := H\Ky,Ny) (for i = 0, 1 or 
2) is canonically endowed with a locally compact topology (see [15, 
comments following III.6.5, p.341]). Both H^{Ky,N) and H^{Ky,N) 
are discrete (in fact, finite), but H^{Ky, N) need not be. See [15, Table 
III.6.8, p.343]. We let = nom{N^,Gm) be the Cartier dual of Ny. 
Assume now that Ny extends to a finite and flat group scheme Afy 
over SpecOy. Set H\Oy,N) = H\Oy,Ny). By [13, p.293] or [15, 
beginning of §111.7], for each i > the canonical map H^(^Oy,J\f^ 
H^{Ky,N) embeds H^{^Oy,N^ as a compact and open subgroup of 
H\Ky,N). We will identify H\Oy,N) with its image in H\Ky,N) 
under this map. Further, we will write Hy{Oy,J\f) for the cohomology 
group of with support on SpecA;(i') (see [15, Proposition III.0.3, 
p.270]). 

Theorem 4.1. Let i — 0,1 or 2. 



DUALITY FOR 1-MOTIVES OVER FUNCTION FIELDS 



9 



(a) There exists a perfect continuous pairing 

(b) In the pairing of (a), H^{Oy,J\f) is the exact annihilator of 

Proof. For (a), sec [15, Theorem III. 6. 10, p. 344]. Statement (b) is 
[op.cit.. Corollary III.7.2, p.349]. □ 

Now let N be a p-primary finite and flat group scheme over K. 
For any prime v of K, we will write = N XspecK Speci^^^ and 
H'{K^,N) = H'{K^,N^). Recall the set T defined in Section 2. The 
elements of JF are pairs {U^M)^ where f/ is a nonempty open affine 
subscheme of X such that N extends to a finite and fiat group scheme 
N over U. If {U,M) G and v G t/, we will write Mv = M Spec 
and H%Oy,M) = H\Oy,K)- For {U,M) G J^, let H^{U,M) be 
defined as in [15, comments preceding Proposition III. 0.4, pp. 270-271] 
with replacing the field of fractions of the henselization of the local 
ring at v. Then [op.cit.. Proposition 111.0.4(a), p. 271] remains valid, 
i.e., there exists an exact sequence 
(5) 

. . . ^ Hi(U,X) ^ H\U,J\f) ^ ^H\K,, N) ^ Hi+\U,U) ^ ■ ■ ■ ■ 

See [15, 111.0.6(b), p.274]. The map H%U,X) ^^^^H\K„N) 
appearing above is the sum over v ^ U of the maps H^{U^M) 
H''{Ky,N) induced by the composite morphism Speci^^ — > Specif — > 
U. Set 



D\U,N) = Ker 



H\U,N)^®H\K,,N) 



= h^[Hi{U,N) ^ H\U,N)]. 

Since H^{U,M) = N{K) and H%Ky, N) = N{K^) for every v^U, the 
map H\U,Af) ^^^^H%K^,N) is injective, i.e., D%U,Af) = 0. 

Lemma 4.2. For any {U,J\f) G J-', the canonical map H^{U,J\f) 
H^{K,N) is injective. 

Proof. The proof is similar to the proof of [15, Lemma III. 1.1, p. 286]. 

□ 

Using the above lemma, we will regard D^{U,J\f) as a subgroup of 
H\K,N) for any {U,^^) G J^. 
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Prom now on, we will simplify our notations by writing {V^M) for 
{y,M\ v) when {U,M) G T and V is an open subset of U. 

Lemma 4.3. Let {U,J\f ) & J-" be arbitrary. Then there exists a nonempty 
open subset Uq of U such that, for any nonempty open subset V C Uq, 
bothD\V,Af) andD\V,N'^) are finite. 

Proof. By a theorem of M.Raynaud (see [17] or [3, Theorem 3.1.1, p. 
110]), there exist a nonempty open subset Uo{J\f) C U, abelian Uo{N')- 
schemes A and B and an exact sequence — > A/q — > .4. — > — > 0, where 
A/q = Af\ UoiAf) ^he first nontrivial map is a closed immersion. Let 
V be any nonempty open subset of Uo{J\f). Then — > N'q\v~>' ^^li/— > 
B| y— > and — > Nk^ — > Ak^ — > Bk^ — > 0, for any prime v of K, are 
also exact. Here A and B denote, respectively, the generic fibers of A 
and B. Using these exact sequences and the fact that B{V) — B{K), 
we obtain an exact commutative diagram 

B{K) ^ H\V,J\fo) H\V, A)^ 



where m is any integer which annihilates Ao- Since the image of B{K) 
in H^{y,No) is finite by the Mordell-Weil theorem, the finiteness of 
D^{V,Mq) follows from that of D^{V,A)^ = m^{K,A)^, which is 
the main theorem of [13] (for the last equality, see [15, Lemma II. 5. 5, 
p. 246]). Now repeat the proof with J^f^ in place of jV and take Uq — 
Uo{Af)nUoiAf''). □ 



We now define, for i = 1 or 2, 



m'{K,N) = Ker 



h\k,n)^1[h\k,,n) 



all V 



Proposition 4.4. Let {U,J\f) E be arbitrary and let Uq be as in 
the statement of the previous lemma. Then there exists a nonempty 
open subset Ui G Uq such that, for any nonempty open subset V of Ui, 
UI^{K,N)^D^{V,Af). In particular, UI^{K,N) is a finite group. 

Proof (Cf. [10, proofs of Lemma 4.7 and Theorem 4.8, pp. 114-115]). 
By definition, m^{K,N) D Cl ^^wcUo^^O^^-^)- Since each set 
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D^{W,J\f) is finite, we may choose finitely many nonempty open sub- 
sets Wi,W2, ■ ■ ■ ,Wr of Uq such that 

r 

UI\K,N) D f]D\Wj,Af). 

i=i 

Let Ui = Cl^j^iWj and let V be any nonempty open subset of Ui. 
By [15, Proposition 111.0.4(c), p.271, and Remark 111.0.6(b), p.274], 

for any j there exist natural maps H^(y,J\f) H^(Wj,J\f) 
H 1 {K, N) such that Im (gjofj) = D\V, J\f) and lm{gj) = D\Wj,J\f). 
It follows that D'^{V,J\f) C D^{Wj,J\f) for every j and we conclude 
that D^{V,N') C in.^ (K.N). To prove the reverse inclusion, let ^ e 
m\K,N). Then ^ extends to H\W,^^) for some nonempty open 
subset W of f/, which we may assume to be contained in V. Then 
^ e D^(W^,A/') C Z)^(V,A/') (by the same argument as above), and the 
proof is complete. □ 

Lemma 4.5. Let {U,J\f) < {V,Af) e T. Then the natural map 
H^{U,X) H^{V,J^) induces a map D'^{U,J\f) D'^{V,N). 

Proof. For each v, the boundary map H'^{K^,N) — > H^{Oy,M) ap- 
pearing in the localization sequence for the pair Specify C SpecC^ 
[15, Proposition 111.0.3(c), p. 270] is an isomorphism [op.cit., comments 
preceding Theorem 111.7.1, p. 349]. Thus the localization sequence for 
the pair V <ZU induces an exact sequence 

veu\v 

It is not difficult to check that the second map in the above exact 
sequence is the natural one, from which the lemma follows. □ 

Proposition 4.6. There exists a canonical isomorphism 

lim D\U,Af) ^ UI\K,N). 

Proof. For any {U,J\f) e J^, set 

Let (V",AA) G be such that {U,N) < {V,M). By Lemma 4.5, 
the map D'^{U,Af) H'^{K,N) factors through V'^{V,M), whence 
V\U,Af) C V\V,Af). Now the identification of D\U,J\f) with 
lm[H^{U,Af) H\U,Af)] and the covariance of H^{-,Af) with 
respect to open immersions show that T>'^{V,N') C V'^{U,M). We 
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conclude that V'^{V,M) = V^{U,M) for all {V,M) as above and nec- 
essarily V'^{U,Af) = m^(X, N) for any {U,Af) e JT. Thus we have a 
surjection 

lim D^{U,J\f)^ UI^{K,N). 

By Lemma 2.3 this is an injection as well, which completes the proof. 

□ 



We would like to establish and analogue of the previous proposi- 
tion for iV). However (cf. Lemma 4.5), the natural map 
H\U,M) H\V,M) need not map D\U,Af) into D\V,Af) for 
iU,Af) < {V,N) e T. The reason for this is that a class ieD^{U,N) 
need not map to zero in H^{Ky,N) for primes v & U \ V . Follow- 
ing [10], we will circumvent this difficulty in the next proposition by 
showing that the groups D^{U,J\f) "eventually become constant with 
value m\K,Ny, by which we mean that there exists an element 
{Ui,Ar) G such that, for every {V,Af) G with (Ui,X) < (V,X), 
D\V,Af) can be identified with UI\K,N). 

Proposition 4.7. Let {U,M) E be arbitrary and let Uq C U be as 

in the statement of Lemma 4-3. Then there exists a nonempty open 
subset Ui C Uo such that, for any nonempty open subset V of Ui, 
Ul\K,N) = D\V,Af). In particular, UI ^ {K, N) is a finite group. 

Proof. (Cf. [10, proofs of Lemma 4.7 and Theorem 4.8, pp. 114-115]). 
By definition, m\K,N) D D e^vFct/o ^^(^'-^)- ^^^^^ ^^^^ 
D^{W,Af) is finite (see Lemma 4.3), we may choose finitely many 
nonempty open subsets Wi,W2, ■ ■ ■ of C/q such that 

r 

UI\K,N) D f]D\Wj,Af). 



Let Ui = Hfci^' ^ t»c any nonempty open subset of U- 



By [15, Proposition 111.0.4(c), p.271, and Remark 111.0.6(b), p.274], 

for any j there exist natural maps H^(y,Af) H^{Wj,J\f) 
H\K,N) such that lm{gjofj) = D\V,M) andlm(c/j ) = D^{Wj,H). 
It follows that D^iy.M) C D'^{Wj,N) for every j and we conclude 
that D^{VM) C m^{K,N). To prove the reverse inclusion, let ^ G 
m^{K,N). Then ^ extends to H'^{W,J\f) for some nonempty open 
subset W of U , which we may assume to be contained in V . Then 
^ G D^{W,M) C D^{V,J\f) (by the same argument as above), and the 
proof is complete. □ 
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Let {U,J\f) be arbitrary and let Ui be as in tiie statement of tlic 
previous proposition. Set 

J^i = {{V,M) e ^: {U,,M) < {V,M)}. 

Then, if {V,J\f) < {W,Af) G J^i, there exist natural maps D \W,X) 
D^(y,M) (the identity map; see Proposition 4.7) and D'^{y,U'^) 
D'^{W,J\f'^) (see Lemma 4.5). The respective hmits are 

(6) lim D^{V,N)^ m\K,N) 
and 

(7) lim D\V,{NY)^ m.\K,N'^) 
(see Proposition 4.6). 

Lemma 4.8. Let {U,J\f) E he arbitrary and let Ui G U be as in 

the statement of Proposition 4-7. Then, for any nonempty open subset 
V <Z Ui and i = 1 or 2, there exists a perfect pairing of finite groups 

D\v,X) X D^-\v,^^'') ^Qp/Zp. 

Proof. By [15, Theorem IIL8.2, p. 361], for any i there exists a perfect 
pairing 

[-, -] : H\V,M) X Ht'iV^M') ^ Qp/Zp 

between the torsion discrete group H\V,J\f) and the profinitc group 
Hl~'^(y,M'^). The above pairing induces the middle vertical map in 
the following natural commutative diagram: 

D\V,N) H\V,N) ® H\K,, N) 



d\D 



d\D 



It follows that there exists a well-defined pairing 

(-, -) : D\VM) X D^'-^VM") ^ %l^v 

given by (a, a') = [a,&'], where a E D^{V,J\f) C H''{V,J\f) and b' is a 
preimage of a' in H^~^[V,M''^). The above pairing is non-degenerate 
on the left. Similarly, interchanging i and 3 — i and J\f and J\f^ above, 
we obtain a pairing 

D^-'{V,M'^) X D'{V,M) Qp/Zp 
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with trivial left kernel. Setting i = 1 above and using the finiteness of 
D^(V,J\f) (see Lemma 4.3 and recall that Ui C Uq), we obtain the case 
i = 1 of the lemma. To obtain the case i = 2 of the lemma, one argues 
similarly, interchanging the roles oiJ\f and J\f'^ and using the finiteness 
of D\V,J\f'^) (see Lemma 4.3). □ 

Theorem 4.9. There exists a perfect pairing of finite groups 

Proof. This follows at once from Lemma 4.8, using (6), (7) and the 
finiteness of in.^{K,N) (see Proposition 4.4). □ 

We will need the following lemma. 

Lemma 4.10. Let Ui be as in the statement of Proposition 4-7. Then 

there exists a canonical isomorphism 

vcUi 

Proof. Let V be a nonempty open subset of Ui. Since D'^{V,Af'^) is 
finite by Lemma 4.8, H^{y,J\f'^) is finite as well since it fits into an 
exact sequence 

Therefore hm^^^ H'^{V,J\f'^)^ is canonically isomorphic to the dual 
of lim^^^ H'^{V,J\f'^). Now Lemma 2.3 completes the proof. □ 

For (UM) G and < i < 2, define 

v^U veil all V 

with the product topology. It is a locally compact group. Now, for 
every v, H\0^,N) = H'^{K,N) and H\0^,Af) = [15, beginning 
of in.7, p. 348], whence 

P'{U,Af) = llH^{K,,N) 

all V 

and 

P\U,J\f) = ^H\K,,N). 
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Note that P°{U,Af) is compact and P'^{U,Af) is finite. Further, if 
(U,X) < {V,Af) e JT, then P'(U,X) C P'(V,X). Define 

P\K,N) = Inn P\U,N) 

= U P\U,H)^\{H\K,,N), 

(u,j\r)eJ^ all V 

where the transition maps in the direct hmit are the inclusion maps. 
Thus P'-{K,N) is the restricted topological product over v of the 
groups H^{Ky,N) with respect to the subgroups A/'). Now 

equip H\U,J\f) with the discrete topology. There exists a natural 
map H^{U,J\f ) n^g^ A/"), namely the product over v E U 

of the maps W^iJJ.N) H''(^Ov,Af) induced by the canonical mor- 
phisms Spec U. The product of the above map with the map 

H^{U,N) Yiviu H^{Kv, N) introduced previously is a map 

If {U,Af) < {V,N') e J-', then there exists a canonical commutative 
diagram 

H'{U,Mf-^P'{U,M) 

W{V,M)^^^P'{V,Af), 

where the left-hand vertical map is induced by the inclusion V C U. 
Consequently, by Lemma 2.3, the direct limit of the maps l3i{U,J\f) is 
a map 

Pi{K,N): H\K,N)^P\K,N) 

whose kernel is U1\K, N). Note that Po{K,N) is injective since it 
coincides with the canonical map N{K) Hail d ^i^v)- 

Now Theorem 4.1 shows that P\K,N) is the algebraic and topo- 
logical dual of P'^"^{K,N'^). Indeed, there exists an isomorphism of 
topological groups 

cPl^^^y P\K,N)^P'-\K,N'^)^ 

defined as follows. If (C^) G P\K,N) and (C^) G P^-'{K,N^) is 
arbitrary, then 

<l>{K,N)iQiCv) = Yl i^v^Qv e Qp/^p, 
all V 
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where, for each v, (— , — )^ is the pairing of Theorem 4.1(a) (that the 
sum is finite follows from the definition ol P^{K,N) and the fact that, 
for each v, H^{Ov,M) and H'^~'^(^Oy,J\f'^) annihilate each other under 
the pairing (— , — )^). Now, for each {U,J\f) G J-', let 

be the composition of the restriction of (t>lK n) P^{U,J\f) and the 
canonical map P'^-\K,N'^)^ P'^-\U,M^)^. Note that, if e 
P\U,H) and (C^) e P^-'{U,J\f'^) is arbitrary, then 

(0(C.) = E(^-C.).- 

We now let 

be the composite l32-i{U,J\f'^)^ o 4>}^jj j^y Further, let 
be given by 

where, for each v ^ U, (Ik^ denotes the image of C G H'^~\U,J\f'^) in 
H^-'(K^, N"^) under the map 

induced by the composite morphism Spec Ky — > Spec K ^ U . Then 
the following diagrams commute 

(8) P\U,H) ^^^^ H^-^UM")'' 



and 

(9) P'{U,N) H^-\u,N'^) 
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where the vertical map in (9) is the canonical projection. Now let 

-ii{K, N) : P\K, N) H^-\K, N^)^ 

be the composite P2-i{K , N '^)^ o (p^^j^ Then, for any {U,J\f) G J^, 
7j(f/, A/") factors as 

(10) P\U,M) ^ P\K,N) ^'^^ H^-\K,N'^)^ H^-%U,AfY, 

where the last map is the dual of the canonical map H'^~''[U,J\f'^) — > 
H'^^^{K, N'^) induced by the morphism SpccK U. 

Proposition 4.11. For i = 0,1 or 2, there exists a natural isomor- 
phism Ker^ji^K, N)) = Im{(3i{K, Nj). Further, ■j2{K,N) is surjec- 
tive. 

Proof. We show first that Ker (7i(ir, iV)) C lm{pi{K,N)). Let e 
Ker {-y i{K, N)). Then e P^{U,Af) for some nonempty open affine 
subset of X, which we may assume to be contained in the set Ui 
introduced in the proof of Proposition 4.7. The element {C,v)v(^u ^ 
@ ^^jj H'^{K^, N) is in the kernel of ipljj j:^-^ by the commutativity of 
(8). Therefore {^v)v^u is in the kernel of the composite map 

(11) ^H\K,,N) H''-\U,N''f ^ Hi+\U,J\f), 

where the last isomorphism is induced by the perfect pairing 

(12) [-,-]: H^-^U^W) X Hl+\UM) ^ Qp/Zp 

between the discrete torsion group if ^~*(f/, A/'"') and the profinite group 
Hi+^{U,Af) (see [15, Theorem III.8.2, p.361]). Consequently, by the 
exactness of (5), there exists an element e H^{U,N') such that 
CJiKv— for all V ^ U. The assignment {Cv)v^u ^ functorial in U, 
i.e., = $,^\v if {U,N) < {y,N) G JF, where ^^\v denotes the image 
of under the map H^{U,N') W^iy^M) induced by the inclusion 
V G U. For any U as above, let ^ = ^^Ik be the image of under 
the map H'^{U,M) — > H^{K,N) induced by the morphism Specif 
U. Then ,^ is a well-defined element of H'^{K,N) whose image under 
Pi{K,N) is {Q. This shows that Kci{j,{K,N)) C lm{Pi{K,N)). 

Next we will show that ji{K, N) o j3i{K,N) = 0, which will show 
that lm{Pi{K,N)) C Kcr (-/.(A^ iV)). Let ^ G H\K,N). By Lemma 
2.3, there exists a pair [U,J\f) G J-" and an element G H^{U,N') 
such that ^ = \k- For any (V, A/") G such that (U,M) < 
(y,Af), set = ^fj\v- The image of under the map H\V,N) — >■ 
^^^y H'^K^, N) maps to zero under the composite map (11) (with 
U replaced by V there). Consequently, it maps to zero under the 
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map iplvAf)- Now the commutativity of (9) (with U replaced by V 
there) shows that 7i(^, A/") A/") (^^)) - 0. It now follows from 
(10) (with U replaced by V there) that ji{K, N){(3i{K, N){^)) is in the 
kernel of the canonical map H^-'{K,N'^)^ H'^-'{V,f^'^)^. This 
holds for any V as above. Since the canonical map H'^^'^{K, N'^)^ — > 
lim^ H'^~^{V,J\f'^)^ is an isomorphism (see Lemmas 2.4 and 4.10 and 
note that this statement is trivially true if i = 2), we conclude that 

ji{K,N){f3iiK,N){0) = 0, as desired. 

It remains to show that ^2{K^N) is surjectivc. In fact, we will 
show that ■j2{U,J\f) is surjective for any {U,N) G JF. By (10) and 
the bijectivity of the canonical map H^{K, N'^)'^ -> H^{U,J\f'^)^ , this 
will complete the proof. Since "Coker(/)^ = Ker (/^)" if / is a map 
between finite groups, we have a canonical isomorphism 

Coker(72(C/,A^))^ = Kerl H\U,Af') ^^^M^" P\U,Aff 

The map '~f2{U, M)^ may be identified with the natural map N'^[K) 
^^^jj N^{Ky), which is clearly injective. Thus 72 (C/, A/") is indeed 
surjective. □ 

Now, for i = or 1, we define a map 

Si{K, N) : H^-'{K, N"^)^ H'+\K, N) 
as the composite 

where the isomorphism comes from Theorem 4.9 (applied to N and 
N'^). Clearly 



KeY{5i{K,N)) = Im 
= Im 



= Im(7,(X,7V)). 

Further, lm{5i{K,N)) = m'+\K,N) = Ker {(3 i+i{K, N)). These 
facts, together with Proposition 4.11, yield the following Poitou-Tate 
exact sequence in flat cohomology. 
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Theorem 4.12. There exists an exact sequence of locally compact 
groups and continuous homomorphisms 

H\K, N) P%K, N) H\K, TV^)^ 

So 

H\K, iV^)^ ^ P\K, N) H\K, N) 

Si 

H\K, N) P\K, N) — H%K, N^)"" 0. 

□ 

5. 1-MOTIVES OVER OPEN AFFINE SUBSCHEMES OF X 

In this section aU groups wiU be endowed with the discrete topology, 
with the exception of the groups IH[°(iir^, M), which wiU be endowed 
with the topology defined in [10, p. 99]. Thus M.^{Ky,M) contains a 
closed subgroup of finite index which is a (possibly non-Hausdorff) 
quotient of G{Ky). The theory of Lie groups over a local field shows 
that G{Ky) is locally compact, compactly generated and completely 
disconnected. Therefore, by [12, Theorem II. 9. 8, p. 90], G{Ky) is topo- 
logically isomorphic to a product Z x C, where 6 is a non-negative 
integer and C is a compact and completely disconnected, i.e., profi- 
nite, abelian group. We conclude that, if IHI°(ii'^, M)' denotes the quo- 
tient of IH[°(i^r„,M) by the closure of {0} and n is any integer, then 
lHI°(ir^, My jn is a profinite group. 

Let V be any nonempty open affine subscheme of X. For any co- 
homologically bounded complex T* of fppf sheaves on f/, there exist 
cohomology groups with compact support H* (?7, T*^ which may be de- 
fined as in [15, comments preceding Proposition III. 0.4, p. 271]. There 
exists an exact sequence 

where we have abused notation in the third term by writing T* for the 
puUback of T* under the composite map Spec — > Spec K ^ U. 

For any pair of cohomologically bounded complexes J^* and ^" as 
above, there exists a cup-product pairing 
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Now let be a 1-motive over U. Set 

W{U,Tp{M)) = lmiH%U,Tz/pm{M)) 

m 

and 

Hi{U,Tp{M)) ^hmHi{U,T^fpr.{M)). 

m 

Lemma 5.1. Let i = 0,1 or 2. 

(a) There exists a pairing 

H'+\U,T,{M)) ip) X {Hl-\U,T{M*){p})/p-d\w) ^ Q,/Z, 

which is non- degenerate on the left. 

(b) There exists a pairing 

{H'{U,T{M){p})/p-d\Y) X Hl-\U,T,{M*)){p) ^ 

which is non- degenerate on the right. 

Proof. By [15, Theorem III. 8. 2, p. 361], for every r > and any m > 1 
there exists a perfect pairing 

H'{U,T^/pr.{M)) X Ht'{U,Tj^/pm{M*)) ^Qp/Z^ 

between the discrete torsion group H^(U, Tz/pm(A1)) and the profinite 
group H^^'^' (U,Tx/pm{M*)). Setting r — i + 1 and r — i above, we 
obtain perfect pairings 

H'+'{U,T,{M)) X H'^-%U,T{M*){p}) ^ Q^/Z^ 

and 



H\U,T{M){p}) X Ht\U,Tp{M*)) ^ Qp/Z 



The lemma now follows easily. □ 

For each i such that — 1 < i < 3, there exists a canonical pairing 

(13) (-, -) : m'{U, M) X U^-^U, M*) Q/Z . 
See [10, p. 108]. The above pairing induces a pairing 

(14) W{U,M){p)/p-diY X ml-\U,M*){p)/p-diY Qp/Zp 

Theorem 5.2. For any 1-motive M. over U and any i such that < 
i <2, the pairing (14) is non-degenerate. 

Proof. For each integer m > 1, there exists a canonical exact sequence 
(15) 

^ ml-'(u,M*)/p'^ ^ H^-'{u,Tz/pru(M*)) ^ ml-\u,M*)pm^o. 
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See [10, p. 109]. Taking the direct limit as m — ^ oo, we obtain an exact 
sequence 

^ ml-%U,M*) ®Qp/Zp^H^^-^{U,T{M*){p}) 

^ m'r{u,M*)(p)^o. 

Consequently, there exists a canonical isomorphism 

Ul-\U,M*)ip)/p-dW = Hl-\U,T{M*){p}) /p-div. 

On the other hand, for every integer m > 1 there exists a canonical 

exact sequence 

(16) 

^ W{U, M)/p'^ H'+^ ([/, Tz/pm{M)) M'+\U, M)pm ^ 0. 
Taking the inverse limit as m — > oo, we obtain an exact sequence 
(17) ^H^(f/,M)(P) ^ H'+\U,Tp{M)) ^TpM'+\U,M). 
Therefore, there exists a canonical isomorphism 

H'+'{U,Tp{M))ip) ^W{U,MYp\p). 
Using Lemma 2.1, we conclude that there exists a canonical injection 

Il'\U, M){p)/p-div ^ H'+^ {U, Tp{M)) {p). 
Now Lemma 5.1(a) shows that H'^^ {U,Tp{M.)) (p) injects into 
{Hl-^{U,T{M*){p})/p-diwf = {Ml-\U,M*)ip)/p-d\Y)^, 

which shows that (14) is non-degenerate on the left. To see that (14) 

is non-degenerate on the right, interchange in the above argument M. 
and TVf*, i and 2 — i, H and He and H and He, and use Lemma 5.1(b) 
instead of Lemma 5.1(a). □ 

Remark 5.3. The pairings (12) and (13) are compatible, i.e., if 

: Ml-^{U, M) ^ Ht' {U, T^/pAM)) , 
^ = ^i: H^+^{U,Tz/pm{M*)) -^W+\U,M')pm 

are the maps arising from sequences (15) and (16) in the proof of the 
theorem (with the roles of A4 and Ai* interchanged), then 

[9c(C),e] = (C,^(0) 

for every ^ e H'+^ {U,Tz/pm(M*)) and C e Hj-^(C/,M). 
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Now define, for i > 0, 

D\U,M) = lia[mi{U,M) -^m\u,M)] 

= Ker W{U,M) ^ ^W{K^,M) 

Lemma 5.4. D^{U, M.){p) is a group of finite cotype. 

Proof. (Cf. [10, proof of Proposition 3.7, p. Ill]) We need to sliow tliat 
D^{U,M.)p is finite. There exists an exact commutative diagram 

H\u,y) ^H\u,g) ^M\u,M) ^H\u,y) 



v^U v^U v^U v^U 

where, to simphfy the notation, on the bottom row we have written 
H^{Y^) for H^{Ky,Y) and similarly for the remaining terms. The 
groups H^{U,y) and ^^^^ H^(Yy) are finite. See the proof of [10, 
Lemma 3.2(3), p. 108] and [15, Corollary 1.2.4, p. 35]. Using these facts, 
the above diagram shows that the finiteness of D^{U,Ai )p follows from 
that of D\U,g)p and D^{U,y). Since U is affine, H\U,r) is fi- 
nite [15, Theorem 11.4.6(a), p. 234], which implies that D'^{U,y) is 
finite (see [10, proof of Proposition 3.7, p. HI]). Further, D^{U,A)p = 
m\K,A)p is finite by [13] (see also [15, Lemma n.5.5, p.247]) and 
the finiteness of D^{U,g)p now follows from that of H^{U,T). □ 

Now, for m > 1, let S{U,M.*)pm denote the kernel of the composite 
map 

([/, Tj^/p^iM*)) ^ n\U, M*)pm ^ 0H^(X„ M*)p^, 

where the first map is the surjection appearing in the exact sequence 
(16) for i = and the second map is induced by the canonical map 
M.'^{U,M*) 0^^^H^(ii'^,M*). Now, for each recall the quotient 
HO(X^, M)' of HO(ir^, M) by the closure of {0}. By Theorem 3.1(b), 
M.^{K^,M*){p) is isomorphic to the continuous dual of M.^{K^,M)'^, 
which is the same as that of its dense subgroup 

Im(H°(i^^,M)' ^ e°(i^^,M)^) . 

Since the latter is a quotient of lHI°(ir^, M)', we conclude that there 
exists an injection 
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Consequently, there exists a canonical exact sequence 
(18) 

^ S{U,M*)p^ ^ H'{U,Tz/pm{M*)) ^ (H°(K,,M)7p"^f . 

v<^U 

Now, by the comments at the beginning of this Section, the preceding 
is an exact sequence of discrete groups. Consequently, its dual is exact 
and we conclude that there exists an exact sequence 

(19) llM\K,,M) ^ H^{U,Tz/pm{M)) ^ {S{U,M*)prr.f ^ 0. 
Now let 

(20) 6: l[H\K,,T^/p,^{M)) ^ H^'{U,T^/p,^{M)) 
and 

(21) \:H^{U, T^/pm{M*)) ^ ^H\K,, T^/pr.{M*)) 

be the canonical maps. Further, for each v, let denote the dual of 
the composite map 

where the first map is the local analogue of the surjection appearing in 
(16). Let 

(22) ^=n^-- ll^'iKv,M) ^ l[H\K,,T^/pr.{M)). 
Now consider the pairing 

(-,-) : \{H\K,,T^,pm{M)) X ^(X,, Tz/p^(M*)) ^ Q^/Z^ 
defined by 

{{cv),{c'^)) = ^ inv^(c^Uc;). 

This pairing is compatible with (12), i.e., 

(23) [(5(c),x] = (c,A(x)) 

for ah c e ll,^^H\K,,T^/prr.{M)) and x e H'{U,T^/j,r^iM*)). 

Lemma 5.5. Let c G Yl^^^H\K^,Tz/p^{M)) . Then {c,X{x)) = 
for all X e S{U,M*)pm. C (U,Tz/pm{M*)) if and only if c can 
be written in the form c — ci + C2, with ci e Im(^) and C2 G Ker(5), 
respectively. 
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Proof. There exists a canonical diagram 



l[H\K,,Tz/pm{M)) 



where the bottom row is the exact sequence (19) and g and S arc the 
maps (22) and (20), respectively. Let c G fl^^^ if^(i^'t,, T2/pm(M)) 
map to zero in {S{U,A4*)pm)'^. Then S{c) is the image of an element 
c'l e Uv^u^%^v,M). Let ci = g{c[). Then C2 := c - ci e Ker(5), 
which completes the proof. □ 



There exists a canonical commutative diagram 



^D\U,M) 



■W{U,M) 



_0ff(X„,M) 



with exact top row. The middle vertical map is induced by the pairing 
(13). It follows that there exists a well-defined pairing 



(24) 



{-, -} : D\U, M) X D'-\U, M*) Q/Z 



given by {a, a'} = (a, 6'), where a e D\U,M) C W{U,M) and h' is 
a preimage of a' in EI^~*([/, M*). 



Lemma 5.6. Let a G D^iU^iM). Assume that a is divisible by p"^ 
in M^{U,M) and that {a, a'} — for all a' G D^{U,M*)pm, where 
{-, -} is the pairing (24). Then a G p'^D^{U,M). 
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Proof. (Cf. [10, Errata]) Consider the exact commutative diagram 

nl{u,M) ^U\U,M) 



Ml{U,M) 



M\U,M) 



where g and 6 are the maps (22) and (20), and dc is the map introduced 
in Remark 5.3 (with i = there). Since a e D^[U,Ai) = lm[ijj), there 
exists a e 'E.l{U,M) with ^(a) = a. On the other hand, since a is 
divisible by in E[^(C/, Al), we have d{a) — 0. Consequently, we 
have (9c(a) = 6{c) for some c G fl^^^ Tz/pm(M)) . Now recall 
the map i^o from Remark 5.3 (with i = there) and let A be the 
map (21). If a; e S{U,M*)pm C H'^{U,Tz/p,r.{M*)) is arbitrary, then 
M^) e D\U,M*)pm and 

(c, A(x)) = [5(c), = [dc{a),x] = {a,{}o{x)) = {a,{}o{x)} = 0, 

by (23) and Remark 5.3. Consequently, by Lemma 5.5, we can write 
c = g{c[) + C2 with c[ e 0^^^H°(/s:„,M) and C2 G Ker(5). Therefore 
ac(a) = 5{c) = (5 o ^)(c() = 5c(^(c()). It follows that a - e{c[) = p'^b 
for some b G ElJ(C/, At), whence a = ijj{a) — ijj{d — 0{c[)) — p'^ijj{b) G 
p"'D\U,M). □ 

Theorem 5.7. T/ie pairing (24) induces a pairing 

D\U,M){p) X D\U,M*){p) ^ Q,/Z, 

whose left and right kernels are the maximal divisible subgroups of each 
group. 

Proof. (Cf. [10, Errata]) There exists a natural commutative diagram 
^D\UM){p) ^n\U,M){p) ^®^\Kv.M){p) 



26 



CRISTIAN D. GONZALEZ- AVILES 



It is not difficult to see tliat tlie kernel of the middle vertical map is con- 
tained in the kernel of the map Hi(C/, {Ml{U,M*){p)/p-div)^, 
which equals M.^{U, M.){p)p-div by Theorem 5.2. Now Lemma 5.6 shows 
that the kernel of the left vertical map is equal to the maximal divisible 
subgroup of D^{U, A4){p). To complete the proof, exchange the roles 
ofMandAl*. □ 

Now, for i = 0, 1 or 2, define 

D'^iU,TpiM)) = lim D\U,Typ^{M)), 

m 

D'{U,T{M){p}) = \\mD%U,Tz/pr.{M)), 

m 

where D\U,Tz/pm{M)) are the groups introduced in Section 4, and 
D''^\U,M) = Ker m'{U,M)^^ ^M'{K^,M)^^ 

Lemma 5.8. There exist canonical isomorphisms 

(a) D\U,M){p) = D\U,T{M){p}), and 

(b) D'''-P\U,M){p) ^ D'+\U,Tp{M)){p). Further, D''^\U,M) = 
D'+\U,Tp{M)) if D'+\U,M)p-diy = 0. 

Proof, (a) Since m^{U,M) is torsion by [10, Lemma 3.2(1)] and Qp/Zp 
is divisible, the direct limit over m of the exact sequence (16) yields 
a canonical isomorphism EI^(f/, A^)(p) = H"^ {U,T{Ai){p}). Similarly, 
for every prime v of K, M\Ky,M){p) = H"^ {K^,T{M){p}) canoni- 
cally. Assertion (a) now follows easily. 

(b) Using the exact sequence (17) over U and over Ky for each prime 
V ^ U, we obtain an exact sequence 

^ D''^P\U,M) D'+\U,Tp{M)) TpD'+\U,M). 

The first assertion in (b) is now clear since Tp D^~^^{Uj A4) is torsion- 
free. The second assertion follows from the fact that TpB = Tp Bp.^i^ 
for any abelian group B. □ 

Lemma 5.9. There exists a nonempty open affine subset U of U such 
that, for every open subset V contained in U, both D^(y,Ti/pm{Ai)) 
and D^{V, Tz/pm{A4*)) are finite for every m > 1. 

Proof. By Lemma 4.3, there exists a set U as in the statement such 
that, for every open subset V C U, D\V,gp), D\V,y /p), D\V,g;) 
and D^{V,y*/p) are all finite. We will now use the exact sequence of 
fppf sheaves 

— > Qp — Qpm+l > Qpm — > 
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to show that the finiteness of D^{V, Qpm+i) follows from that oiD^(y, Qpm) 
(a similar argument, using the exact sequence — > ^/p — > y /p'^'^^ — > 
y Ip-m _^ ^j]} show that the finiteness of D^{V, y /p"^^^) follows from 
that of D^{V,y /p"^). Note that the corresponding facts will hold for 
the duals of the group schemes involved as well). Indeed, the canonical 
exact commutative diagram 

H\V, Gp) H\V, Qprn+l) H\V, Gprn) 

I 

^H\K„ Gp) ^H\K„ Gp^+i) ^ H\K„ G^™) 

v^V v^V v^V 



yields exact sequences 

r'(Ker i) ^ D\V,gpm+i) D\V,gpm) 

and 

^ D\V,gp) /-^(Keri) ^ Ker i. 

Since Ker i is a quotient of the finite group ^^^y G{K^)pm, wc obtain 
the desired conclusion. Thus, D\V,gpr.), D\V,y /p""), D\V,g;m) 
and D^{V,y*/p"^) are all finite for all m > 1. Finally, a similar argu- 
ment using the exact sequence 

Q^g^^^ T^,pr.{M) ^ y/p"^ 

and the finiteness of D^iV.gpr^), D^(y,y /p"^) and 0^^^. F/p" will 
yield the finiteness of D^{V,Tz/pm{M.)) for all m> 1. The finiteness 
of D^{V,Tx/pm{M*)) for all m is obtained similarly, replacing g and 
y above by their duals. □ 



Now define 

Dl{U,M) = Ker 



U%U,M) 0H°(i^^,M)' 



Theorem 5.10. Let U be as in the previous lemma. Then, for every 
nonempty open subset V of U , the pairing (13) induces a pairing 

DliVMM X D\V,M*){P) ^ %/^p 
whose left kernel is trivial and right kernel is D^(y, A1*)(p)p_div 
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Proof. (Cf. [10, Errata]) There exists a natural exact commutative 
diagram 

D%V, M)ip) U\V,M){p) 

v<^V 

D\V,M*){p)'' ml{V, ^®^\Kv, 

The bottom row is exact by Lemma 2.2(b) since Ml{V,Ai*) is tor- 
sion [10, Lemma 3.2(1), p.l07]. Now, by [10, Lemma 3.2(3), p.107], 
M^{V, Ai){p) is a finite group, whence Theorem 5.2 yields an injection 
U^{V,M)Ip) ^ ^liy,M*){p)^. Thus the left-hand vertical map in- 
duces an injection 

(25) D%V,M)ip) iD'iV,M*)ip)/p-dwf. 

Now Lemmas 4.8 and 5.8(a) show that there exists a perfect continuous 
pairing 

D\V,T,{M)) X D\V,M*){p) ^ QJZ,. 

The left-hand group is profinite by Lemma 5.9 and the right-hand one is 
discrete and torsion. Consequently, by [15, Proposition 0.19(e), p. 15], 
the preceding pairing induces a perfect pairing 

D\V,Tp{M)){p) X D\V,M*){p)/p-diY ^ Qp/Zp. 

Thus, by Lemma 5.8(b), 

(D\V,M*)(p)/p-diY)'' D\V,T,iM))(p) = D''^^\V,M)(p) 

Now, since U^{V,M) is finitely generated [10, Lemma 3.2(3), p.l07], 
we have m'^{V,M)^\p) = m'^{V,M){p). Thus D'^'(p\V, M)ip) C 
Dl{V,M){p) and we conclude that {D'^{V, M*){p)/p-div)^ is a finite 
group of order at most equal to the order of D^^{V, A4){p). But then 
(25) is an isomorphism, as desired. □ 

Remark 5.11. The above proof shows that 

KiV,M){p) = D''^\V,M){p) = D\V,T,{M)){p) 

for any open set V C U. It follows that an inclusion Vi C V2 of open 
subsets of U induces an inclusion D^^{Vi, M){p) C D^^{V2, M){p), be- 
cause the latter holds for D^{—, Tp{Ai)){p) by the proof of Proposition 
4.7 and the left-exactness of the inverse limit functor. 
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6. 1-MOTIVES OVER K 

Let M be a 1-motive over K and let JF denote the set of pairs {U, M. ) 
where f/ is a nonempty open affine subscheme of X and is a 1-motive 
over U which extends M. Then JF is nonempty, i.e., any 1-motive over 
K extends to a 1-motive over some nonempty open affine subscheme 
of X. As in Section 2, we order JF by setting (f/, A^) < {V.M.') if and 
only liV <ZU and M\v= M' . 

Lemma 6.1. Let T he a torus over a nonempty open affine subscheme 
U of X . Then there exists a nonempty open subset of such that, 
for any nonempty open subset V ofU^i, the canonical map H^{V, T) — > 
H^{K,T) is injective. 

Proof. Assume first that T is fiasque (see [6, §1, p. 157] for the def- 
inition). By [15, Theorem IL4.6(a), p.234], H\U,T) is finite. Let 
{^1, . . . , ^r} be the kernel of the canonical map H^{U, T) — > H^{K, T). 
For each j, there exists a nonempty open subset Uj of U such that 
G Kei[H^{U,r) H\Uj,r)]. Set = 0^=1 f^i and let V be 
any nonempty open subset of Using the fact that the canonical 
map H^{U,T) H^(y,T) is surjective [6, Theorem 2.2(i), p. 161], it 
is not difficult to see that the map H^{V,T) H^{K,T) is injec- 
tive. Since it is surjective as well [op.cit.. Proposition 1.4, p. 158, and 
Theorem 2.2(i), p. 161], it is in fact an isomorphism. 

Now let T be arbitrary and choose a fiasque resolution of T [6, 
Proposition 1.3, p. 158]: 

1 ^ T" ^ r' ^ r ^ 1 

with T' and T" fiasque. Let U'_i and U!!_i be attached to T' and T" 
as in the first part of the proof and let = U'_i fl f/"i. Let V be any 
nonempty open subset of f/_i. Then there exists an exact commutative 
diagram 

H\V,T") ^H\V,T') ^H\V,T) ^H\V,r") 

H\K, T") ^ H^{K, T') ^ H\K, T) ^ H^{K, T"). 

The rightmost vertical map is injective by [6, Theorem 2.2(ii), p. 161] 
and now the four-lemma completes the proof. □ 



■^This inelegant notation is chosen so that the set denoted C/o below corresponds 
to the set so denoted in our main reference [10]. 
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Lemma 6.2. Let {U, M.) E T he arbitrary. Then there exists a nonempty 
open subset f/_i of U such that, for any nonempty open subset V of 
f/_i, the canonical map M^{y,M){j)) m^{K,M){j)) IS mjective. 

Proof. Let T be the toric part of A4 and let be associated to T as 
in the previous lemma. Let V be any nonempty open subset of 
There exists a natural exact commutative diagram 

AiV) H\V, T) H'{V, G) H\V, A) 

A{K) H\K, T) H\K, G) H\K, A). 

The first vertical map in the above diagram is an isomorphism by the 
properness of A, the second one is an injection by the previous lemma 
and the rightmost one is an injection by [15, proof of Lemma II. 5. 5, 
p. 247]. The four-lemma now shows that the third vertical map is an 
injection. Consider now the exact commutative diagram 

H\v,y) — ^H\v,g) — ^m\v,M) — ^H'^iy.y) 

H\K, Y) ^ H\K, G) ^ m\K, M) ^ H'^{K, Y) 

whose top and bottom rows come from the distinguished triangle (1) 
over V and over K. The second vertical map was shown to be in- 
jective above. The first vertical map is an isomorphism by the proof 
of [15, Proposition II.2.9, p.209] and the fact that H^{Gs,Y{Ks)) = 
H^{K, Y)u (see [10, p. 112, lines 11-17]). The rightmost vertical map is 
injective when restricted to p-primary components by [15, Proposition 
II. 2. 9, p. 209] and [loc.cit.]. The lemma now follows from these facts 
and the commutativity of the last diagram. □ 

Remarks 6.3. (a) As noted in the proof of the above lemma, the canon- 
ical map H'^{U,y){p) — ^ H'^{K,Y){p) is injective for any nonempty 
open affine subset U of X. We may therefore regard D^{U, y){p) as a 
subgroup of H'^{K, Y){p) for any such U. Recall also that D'^{U,y) is 
finite, as noted in the proof of Lemma 5.4. 

(b) Lemma 6.2 is valid if K is any global field and p is any prime 
number (the proof is essentially the same). In the number field case, 
D.Harari and T.Szamuely have obtained an alternative proof of Lemma 
6.2 using a well-known theorem of T.Ono. See [10, Errata]. 



The notation is as in [15, comments preceding Proposition II. 2. 9, pp. 208-209]. 
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Lemma 6.4. Let {U, Ai) E J-' be arbitrary. 

(a) For any prime v of K, the canonical map H'^{Ov,y){p) 
H'^{Ky,Y){p) is injective. 

(b) There exists a nonempty open subset Uq G U such that, for 
any nonempty open subset V C Uq, the group D^{V,y){p) is 
contained in Iil'^{K,Y)(p). 

Proof, (a) By the localization sequence for the pair Spec Ky C Spec Oy, 
it suffices to show that the quotient of Hy{Oy,y) by the image of 
H^[Ky, Y) contains no nontrivial p-torsion elements. By Lemma 2.2(a), 
this follows from the triviality of Hy{Oy,y)p, which in turn follows 
from that of H^{Oy,y/p) [15, beginning of §111.7, p. 349, line 3]. 

(b) Using Remark 6.3(a) above, the proof is formally the same as 
that of [10, Lemma 4.7, p.ll4]. □ 

We now define, for i = 0, 1 or 2, 

all V 

Lemma 6.5. Let {U,Ai) E be arbitrary and let U^i and Uq be as 
in Lemmas 6.2 and 6.4(b), respectively. Let Ui = fl Uq. Then, for 
any nonempty open subset V C Ui, the canonical map Il^{V, Ai)(p) — > 
'E.^{K,M){p) induces an isomorphism ^^{V, M){p) = Ul\K,M){p). 
In particular, III^(i^, M)(p) is a group of finite cotype. 

Proof. The proof is analogous to the proof of [10, Proposition 4.5, 
p. 114], using Lemma 6.4 and an argument similar to that used at the 
end of the proof of Proposition 4.7 (cf. [10, proof of Theorem 4.8, 
p. 115]). The last assertion of the lemma follows from Lemma 5.4. □ 

The following result is an immediate consequence of the previous 
lemma and Theorem 5.7. 

Theorem 6.6. Let M be a 1-motive over K. Then there exists a 
canonical pairing 

m\K,M){p) X m\K,M*){p) ^ Qp/Zp 

whose left and right kernels are the maximal divisible subgroups of each 
group. □ 

Corollary 6.7. Let M be a 1-motive over K. Assume that l\I^{K, M){p) 
and in.^{K, M*){p) contain no nonzero infinitely divisible elements. 
Then there exists a perfect pairing of finite groups 

UI\K, M){p) X m\K, M*){p) ^ Qp/Zp . 



m\K,M) = Ker 
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Proof. This is immediate from the theorem, noting that III ^ {K, M) (p) = 
m\K,M){p)/p-div and m\K,M*){p) = Ul\K, M*){p) /p-div are 
both finite. □ 

We now fix an element {U,Ai) G and let U <Z U be the set 
introduced in Lemma 5.9. Further, we write for the family of all 

nonempty open subsets of U. 

Lemma 6.8. There exists a canonical isomorphism 
lim D\V,M){p) = m\K,M){p). 

Proof. This follows by combining Remark 5.3(b) and Proposition 4.6. 

□ 

Now define 

LQ°(X, M) = Ker H°(if, M) ^ JJ H°(ir„, M)' 

all v 

Theorem 6.9. Let M be a 1-motive over K . Then there exists a 
canonical pairing 

m\{K,M){p) X m\K,M*){p) ^ Qp/Zp 

whose left kernel is trivial and right kernel is the maximal divisible 
subgroup of Iil^{K,M*){p). 

Proof. The proof is similar to the proof of [10, Proposition 4.12, p. 116], 
using Theorem 5.10, Lemma 6.8 and Remark 5.11. □ 
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